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Introduction

T HE local convergence properties of Newton’s method for un-
constrained minimization of smooth functions are well known:

Newton’s method converges to a local minimum if the current point
is in a local solution space that is approximated well with a quadratic,
positive-definite function. This property is discussed in many classic
texts and is generally demonstrated using vector and matrix norms
and related inequalities.1 In this Note, the convergence of Newton’s
method is demonstrated using Lyapunov’s direct method, which in-
volves defining a positive-definite function and showing that the
function’s value strictly decreases when the proposed update equa-
tion is used. Although this approach has been used to discuss the
global convergence of general descent algorithms,1 it has not been
used to demonstrate explicitly the local convergence of Newton’s
method.

The motivation for demonstrating the convergence of New-
ton’s method in this manner stems from some recently developed
cooperative-control laws that enable a team of autonomous vehicles
to localize an unknown source that emits a measurable scalar field
F(x) (Ref. 2). Some practical applications include the localization
of chemical plumes and light and acoustic beacons. Demonstrat-
ing the stability of these cooperative-control laws is tantamount to
demonstrating the convergence of Newton’s method, and because
the closed-loop stability of a system is often demonstrated using
Lyapunov’s direct method, it is natural to consider this method to
demonstrate the convergence of Newton’s method.

Brief Review of Newton’s Method
for Unconstrained Minimization

Second-order methods of function minimization are based on a
quadratic model of the smooth function F that is to be minimized.
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These methods rely on curvature information, which can be obtained
from the Hessian matrix of second partials. Newton’s method is a
particular second-order method, which uses the first- and second-
derivative information of the function F to determine the updated
solution pk from the solution to the following linear equation:

Hkpk = −gk (1)

Equation (1) is obtained by minimizing a quadratic model of the
objective function F . In Eq. (1), Hk is the square, symmetric Hessian
matrix of second partials of F evaluated at the current location xk ,
gk , is the gradient vector of F at xk , pk is the step from the current
location xk to the minimum, and the subscript k is used to denote
the kth iterate.

In practice, Newton’s method is usually modified in two ways.
First, a step-length procedure usually accompanies the updated so-
lution because a step of unity along the Newton direction pk may
not reduce the function F , even though it is the step that leads to the
minimum of the quadratic model function. Consequently, with this
first modification, the update equation becomes the following:

xk + 1 = xk − αkpk (2)

xk + 1 = xk − αkH−1
k gk (3)

The parameter αk is the step-length parameter, where αk ∈ (0, 1].
This parameter is often chosen to minimize F(xk − αkMkgk), where
Mk is some positive-definite matrix. This leads to the second type
of modification, which depends on the Hessian.

The Hessian of the objective function F must be positive definite
near the solution to satisfy the sufficiency conditions for a mini-
mum. However, in regions far from the solution, the Hessian may
not meet this requirement because of nonquadratic terms in the ob-
jective function. Consequently, the purpose of the second modifica-
tion of Newton’s method is to somehow accommodate the possible
nonpositive definiteness of the Hessian at regions remote from the
solution. This can be done by replacing the inverse of the Hessian
matrix with a positive definite matrix Mk . With this change the up-
date equation is

xk + 1 = xk − αkMkgk (4)

The matrix Mk can be set equal to the identity matrix, which results
in a steepest descent algorithm, or set equal to the inverse of the
Hessian matrix if the Hessian is positive definite.

One of two common methods may be used to construct the ma-
trix Mk :

1) Let Mk = (εk I + Hk)
−1, where εk is nonnegative. There is al-

ways an εk that makes Mk positive definite. One way to choose
εk is to calculate the eigenvalues of the current Hessian matrix Hk

and let εk be the smallest nonnegative constant for which the ma-
trix εkI + Hk has eigenvalues greater than or equal to a nonnegative
constant δ (Ref. 1).

2) Compute the eigensystem associated with the current Hessian
matrix Hk = UΛUT . Then let Mk = UΛ̄UT where Λ̄ is a diagonal
matrix with λ̄i = |λi |. This causes the effect of Mk to be opposite to
that of Hk in the portion of eigensubspace associated with a negative
eigenvalue.3
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Proof of Convergence via Lyapunov Analysis
Let x∗ denote a minimum point of the function F , and suppose

this solution is contained in a (closed) subspace � of the entire
space X . Using Taylor’s theorem (see Ref. 3) F may be expressed
as follows:

F(xk + hq) = F(xk) + hgT
k q + 1

2 h2qT Hkq + O(h3) (5)

Here, xk and q are vectors in �, and h is a scalar. When x = xk + hq,
this equation may be rewritten

F(x) = bk + (gk − Hkxk)
T x + 1

2 xT Hkx + O(h3)

= bk + (gk − Hkxk)
T x + 1

2 xT Hkx + e(x; xk) (6)

Here, e(x; xk) contains cubic terms in the vector difference (x − xk).
A Lyapunov function is now introduced:

V (x) = F(x) − F(x∗) (7)

This function is constructed so that V (x∗) = 0 and V (x) > 0 ∀ x �=
x∗, where x ∈ � (Ref. 4). The differential of the Lyapunov function is

dV (x, �x) = ∂V T

∂x
�x

=
(
gk − Hkxk + Hkx + ∂e

∂x

)T

�x (8)

By the evaluation of the differential at the current location xk and
the use of the update equation �xk = xk + 1 − xk = −αkMkgk , Eq. (8)
may be rewritten as

dV (xk, �xk) = −αkg
T
k Mkgk − αk

(
∂e

∂x

∣∣∣∣
xk

)T

Mkgk (9)

To demonstrate asymptotic convergence to the solution x∗ using a
Lyapunov analysis, one must show that the differential dV is neg-
ative definite and vanishes only at x∗. In the following paragraphs,
the negative-definite property of dV is presented first, followed by
a demonstration that dV vanishes only at x∗.

Notice that the first term of Eq. (9) is quadratic and is always
negative, whereas the second term is sign indefinite. Consequently,
to guarantee that dV (xk, �xk) is negative definite, one must show
the following:

gT
k Mkgk > −

(
∂e

∂x

∣∣∣∣
xk

)T

Mkgk (10)

To demonstrate that this inequality is always met, attention is turned
to the step-length parameter αk ∈ (0, 1]. Recall that αk is often cho-
sen so that F(xk − αkMkgk) is minimized. Consequently, the fol-
lowing inequality is considered:

F(xk + 1) < F(xk) (11)

Equations (4) and (6) may be used in this expression, which becomes
the following after canceling and gathering terms:

−αk(1 − αk/2)gT
k Mkgk < −e(xk + 1; xk) (12)

One may next assume that the right-hand side of Eq. (12) can be
approximated with a differential:

−e(xk + 1; xk) ∼= −
(

∂e

∂x

∣∣∣∣
xk

)T

�xk

∼= αk

(
∂e

∂x

∣∣∣∣
xk

)T

Mkgk (13)

This result may be used in Eq. (12):

(
1 − αk

2

)
gT

k Mkgk > −
(

∂e

∂x

∣∣∣∣
xk

)T

Mkgk (14)

However, because αk is positive, one obtains the final inequality:

gT
k Mkgk >

(
1 − αk

2

)
gT

k Mkgk > −
(

∂e

∂x

∣∣∣∣
xk

)T

Mkgk (15)

Inequality (15) shows that inequality (10) is always met, and hence,
dV is negative definite. However, it is interesting to investigate in-
equality (15) in regions near the solution, where αk is expected to
approach unity. When αk equals one, inequality (15) becomes the
following:

1

2
gT

k Mkgk > −
(

∂e

∂x

∣∣∣∣
xk

)T

Mkgk (16)

Inequality (16) demonstrates that, for points that begin near the so-
lution x∗, the Lyapunov function that led to the inequality condition
given by Eq. (10) is actually conservative. Conservative Lyapunov
functions that lead to conservative conditions for stability (or con-
vergence) are not an uncommon occurrence.4

For asymptotic convergence to the solution x∗, the following re-
mains to be shown:

dV (xk, �xk) = 0 ⇔ xk = x∗ (17)

First, note that the necessary conditions for x∗ to be a local minimum
include the condition that the vector g∗ equals zero.3 Consequently,
Eq. (9) gives the following:

xk = x∗ ⇒ dV (x∗, �x∗) = 0 (18)

However, carefully notice from Eq. (9) that dV can also vanish
should the following be true:

gk + ∂e

∂x

∣∣∣∣
xk

= 0 (19)

However, on examining inequality (14), one notes that the occur-
rence of Eq. (19) leads to a contradiction. That is, using Eq. (19) in
inequality (14) leads to the following:

(1 − αk/2)gT
k Mkgk > gT

k Mkgk (20)

The inequally cannot be true because Mk is positive definite and αk

is positive and nonzero.

Discussion
The usefulness of the result in this Note is in demonstrating the

stability of control laws that are based on Newton’s method for
distributed, autonomous systems (see Ref. 2). Examples of robot
trajectories are shown in Fig. 1, wherein nine robots are tasked
with localizing an unknown source. The robot initial positions are
marked with the ×, and their final positions are marked with the
◦. It is assumed that each robot can measure the source intensity
as its current position F(xi ) and can transmit its information to
neighboring robots. Each robot uses its own measurement and the
received information to compute a quadratic approximation to the
source field. Based on this approximation, each robot computes its
position update according to xi

k + 1 = xi
k − αi

k Mi
kg

i
k . The stability of

the equilibrium point (i.e., the source location) along trajectories
commensurate with the position update law for each robot, follows
from the Lyapunov analysis convergence proof presented herein.
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Fig. 1 Example of a robot swarm cooperatively localizing a source: - - -,
robot position updates based on a Newton’s method for unconstrained
minimization of smooth functions and ——, level surfaces for unknown
source modeled by a cubic polynomial.

Summary
As mentioned in the Introduction, the goal of this Note is to

demonstrate the convergence of Newton’s method using Lyapunov’s
direct method because of its bearing on some cooperative-control
laws; the results do not impact Newton solver development nor
Newton solver implementation. It is noteworthy that choosing the
actual function that is to be minimized as the Lyapunov function
leads to a conservative condition for convergence for points that
begin near the solution.
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